The purpose of this paper is to establish the general theory of the direct methods to functionals I defined on the Grassmann algebra employing the classical approaches. In this paper, various notions of convexity conditions for weak lower semicontinuity of I are discussed, and existence theorems for minimizers of I are obtained. Lastly, we present some examples to illustrate our main results. MSC: 35A15; 58A10
Introduction
Differential forms as invaluable tools have been available and applicable to various fields of study, see [-] , while the systematic investigation of variational theory for differential forms has been less studied. Direct methods is a classical and fundamental method, used in variational problems, which has been widely applied for solving differential equations We consider the existence of the minimizer of I in M, that is, we want to prove that
is achieved.
In particular, associated with the variational kernel W (ξ ) = |ξ | p , (.) is reduced to the p-Dirichlet integral
and the minimizers of the p-Dirichlet integral are exactly the weak solutions to the p-harmonic equation
Notation and preliminary results
This section is devoted to the notation of the exterior calculus and a few necessary preliminaries. Readers can refer to [-] for more details. We denote by ∧ l = ∧ l (R n ) the space of l-covectors in R n , and the direct sum
is a graded algebra with respect to the wedge product ∧. We shall make use of the exterior derivative
and its formal adjoint operator
known as the Hodge codifferential, where the symbol * denotes the Hodge star duality operator. Note that each of the operators d and d * applied twice gives a zero.
Let C ∞ ( , ∧ l ) be the class of infinitely differentiable l-forms on ⊂ R n . Since is a smooth domain, near each boundary point one can introduce a local coordinate system (x  , x  , . . . , x n ) such that x n =  on ∂ , and such that the x n -curve is orthogonal to ∂ . http://www.journalofinequalitiesandapplications.com/content/2013/1/407
Near this boundary point, every differential form ω ∈ C ∞ ( , ∧ l ) can be decomposed as
are called the tangential and the normal part of ω, respectively. Now, the duality between d and d * is expressed by the integration by parts formula
Due to (.), extended definitions for d and d * can be introduced as the introduction of weak derivatives.
, we say that ω has generalized exterior derivative v and write v =dω.
The notion of the generalized exterior coderivatived * can be defined analogously. Next, we present briefly some spaces of differential forms
which are used throughout this paper. Finally, we introduce the definition of weak convergence for sequences in spaces of differential forms as needed. Throughout the paper, let  < q, q < ∞ be the Hölder conjugate pair, q + q =.
We also need some properties of spaces of differential forms.
, and the partial differentiation is applied to the coefficients of ϕ.
Weak lower semicontinuity
In many variational problems, weak lower semicontinuity is an essential condition for the existence of minimizers, using the minimization method. This will motivate the study of various notions of convexity conditions. In this section, we study the conditions for weak lower semicontinuity of the integral functional
The convex case
Theorem . For a given g = (g  , . . . , g m ) ∈ W ,p ( , ∧ l  × · · · × ∧ l m ), let W ≥  be contin-
uous and convex. Then I is weakly lower semicontinuous on W
then need to show
We may assume that {I[F ν ]} is finite and convergent. 
and pointwise almost everywhere.
Since W is continuous, we have
as l → ∞. On the other hand, we have by the convexity of W that
Therefore, we obtain from Fatou lemma that
Let ν  → ∞ in the inequality above, we obtain
The theorem follows.
The non-convex case
This section considers the case when W is not convex. Fruitful results have been obtained for the weak lower semicontinuity of integral functionals I when W fails to be convex, see [-] . We consider the counterpart in the case of differential forms. 
Therefore, we have
(iii) Quasiconvexity implies that the function W is convex with respect to each ξ i ∈ ∧ l i , i = , . . . , m, which together with (.) yields a Lipschitz-type condition 
We take φ ν as test functions in the definition of quasiconvexity to obtain
Since W is continuous, thus, W is bounded on bounded sets, together with that | -ν | →  as ν → ∞, we then have the last integral in the right hand side of (.) converges to zero as ν → ∞. Therefore, we have
which is the desired result. Let Q k ⊂ be disjoint cubes parallel to the axes, and edge-length is /k. Denote k = Q k , and we then have that
Theorem . Let W ≥  be quasiconvex and satisfy (.). Then I is weakly lower semicontinuous in W
as k → ∞. Therefore, for arbitrary ε > , we can choose k large enough such that
F ν ,p, is uniformly bounded. We then consider
where
For J  : Since W ≥ , W is continuous and is bounded, we have
For J  : From (.) and the Hölder inequality, we see that
which implies that
For J  : It follows from (.) and the Hölder inequality that
Substituting (.)-(.) into (.), we have by letting
Let ε →  in the above inequality, we obtain
.. Polyconvex
Polyconvexity is also an important condition for the weak lower semicontinuity of I, which is quasiconvex, but not necessarily convex. We give below the definition of polyconvex, and we want to establish the weakly lower semicontinuity of
Definition . Let N = N(m) be the number of elements of the set
Proceeding with the proof in much the same way as [], the equivalent definition for polyconvexity is given by Iwaniec and Lutoborski.
Definition . [] A continuous function
where ξ = (ξ  , . . . , ξ m ) and ζ = (ζ  , . . . , ζ m ) are variable points from ∧ l  × · · · × ∧ l m and
Remark (i) Note that (.) implies convexity of W in each variable, and we have from the definitions that Convex ⇒ Polyconvex ⇒ Quasiconvex.
(ii) The non-zero terms in the right side of (.) imply that 
where (-) =  or (-). Observe that the coefficients of (.) are k × k subdeterminant of the Jacobian of f :
, where
We apply the following lemma.
and let q > k be a number. Let {u j } be any sequence weakly convergent to u in W
By adding the conditioñ
we have that for s = , . . . , m,
we obtain the following theorem for the weakly lower semicontinuity of I. 
We may assume that {I[F ν ]} is finite and convergent as before. We first obtain from (.) that
and since A i  ···i k ∈ L˜p p-m and g s ∈ Lp, s = , . . . , m, we then have by the Hölder inequality that
. . .
Therefore, integrating both sides of (.) in , and then letting ν → ∞, we obtain
that is, we have
which is the desired result.
Existence of minimizers
To prove the existence of minimizers of I, another important point is requiring its coercivity condition. The counterpart in the variational problem of differential forms is introduced by Iwaniec and Lutoborski [] as follows.
Definition . []
Suppose that W satisfies (.), we say that W is coercive in the mean if Proof Set
It follows from (.) and (.) that m is finite. By the definition of infimum, there exists a minimizing sequence {F ν } ⊂ M such that
sition ., we see that {f i ν } has a weakly convergent subsequence, denoted by {f
. Then we may assume that
and F ∈ M. Since I is weakly lower semicontinuous, it follows that
Applications
In this section, we present two examples to illustrate our main results. The first example is to explain the existence result Theorem . for the stored-energy function W , which is polyconvex.
Example  We consider a special case of n = , l = , m =  and g = .
where * is the Hodge star duality operator.
Step . Direct computation implies 
Step . Note that ξ
Hence we have W ≥ .
Step . Applying Proposition . in [], yields W satisfies (.).
Step .
Then by applying Observe that * ζ
Similarly, we have * ζ
By substituting (.) and (.) into (.), we obtain that Since ζ = (ζ  , ζ  ) ∈ W , ( , ∧  × ∧  ) and is bounded, then we get that A  , A  , A , ∈ L  .
Therefore, it follows from Theorem . that the minimizer of I can be achieved.
Finally, we give an example for a stored-energy function W , which is quasiconvex. 
